Parity violation in the cosmic microwave background (CMB) radiation has been confirmed by recent Planck observation. In this paper, we extend our previous work [P. Naselsky et al. Astrophys. J. 749, 31 (2012)] on the directional properties of CMB parity asymmetry by considering the Planck data of the CMB temperature anisotropy. We define six kinds of the directional statistics and find that they all indicate the odd-parity preference of CMB data. In addition, we find the preferred axes of all these statistics strongly correlate with the preferred axes of the CMB kinematic dipole, quadrupole, and octopole. The alignment between them is confirmed at more than 3σ confidence level, which implies that the CMB parity asymmetry, and the anomalies of the CMB quadrupole and octopole, may have the common physical, contaminated or systematic origin. In addition, they all should be connected with the possible contamination of the residual dipole component. PACS numbers: 95.85.Sz, 98.70.Vc, 98.80.Cq *
I. INTRODUCTION
The modern cosmological model is based on the cosmological principle: the Universe is homogeneous and isotropic on Hubble scales, which has been confirmed by various observations mainly from the isotropy of the cosmic microwave background (CMB) radiation [1, 2] .
The recently released Planck data on the CMB temperature anisotropy are excellently consistent with the base ΛCDM model, especially at the high multipoles l > 40 [3] . However, similar to the WMAP data [4] , a number of anomalies has been reported in the CMB low multipoles [5] , including the low quadrupole, the alignment of the quadrupole and octopole, the missing angular power at large scale and so on. Among them, the parity asymmetry of the CMB low multipoles has also been investigated in both WMAP and Planck data [5] [6] [7] [8] [9] [10] [11] , showing significant dominance of the power spectrum stored in the odd multipoles over the even ones. This anomaly of CMB may imply the physics of the early Universe [12, 13] , the nontrivial topology [14, 15] , some foreground residuals [10, 16] or systematic errors [17] .
The connections between these anomalies have been investigated by several groups, which are helpful to reveal the physics behind them. For example, it was shown that the low quadrupole and the odd-multipole preferences were tidily connected with the lack of the two-point correlation functions in both scales 60
• ≤ Θ ≤ 180
• [18, 19] and 1 • ≤ Θ ≤ 30
• [20] . In Ref. [21] , we have studied the directional properties of the CMB parity asymmetry in the WMAP data and found the preferred directions always coincide with the CMB kinematic dipole. Recently, the Planck team has released the CMB products SMICA (an implementation of independent component analysis of power spectra), NILC (a needlet-based version of internal linear combination), and SEVEM (template fitting using the lowest and highest freuqency bands) maps, which are made via quite different techniques [22] . In this paper, applying Planck data to all these, we shall extend this work by defining six kinds of directional parity statistics. We find the preferred axes of all these statistics are quite close to each other. This indicates that the preferred axis of the CMB parity asymmetry really exists, which is independent of definitions of the statistics. Comparing with the preferred axes of the CMB quadrupole and octopole, as well as the kinematic dipole, we find the preferred axis of CMB parity asymmetry is very close to all of them. This study suggests that the CMB parity violation may have the same origin with the anomalies of CMB quadrupole and octopole, which might connect with the CMB kinematic dipole.
The outline of the paper is as follows. In Sec. 2, we introduce the basic characteristics of the CMB parity asymmetry and study the orientations of maximum parity asymmetry by defining various directional statistics. In Sec. 3, we compare this preferred axis with those of CMB kinematic dipole, quadrupole, and octopole and find the alignment between them.
In Sec. 4, we summarize our investigations.
II. CMB PARITY ASYMMETRY AND THE DIRECTIONAL DEPENDENCE
The CMB temperature fluctuations on a sphere are usually decomposed as,
where Y lm (θ, φ) are the spherical harmonics and a lm are the corresponding coefficients. Under the assumption of the random Gaussian field, the amplitudes |a lm | are distributed according to Rayleigh's probability distribution function, and the phase of a lm with m = 0 is supported to be evenly distributed in the range [0, 2π]. The power spectrum of CMB is defined as
which is rotationally invariant; i.e., the power spectrum in Eq. (2) is invariant for any rotations of the reference system of the coordinate.
In the forthcoming discussion, we shall use the CMB low multipoles derived from the released Planck data, including SMICA, NILC, and SEVEM. These CMB products are made via different techniques: the SMICA map is made via spectral parameter fitting in the harmonic domain, NILC is made via a needlet variant of the internal linear combination technique, and SEVEM is constructed through template fitting using the lowest-and highestfrequency bands. These maps have the obvious differences in the Galactic plane (see Ref.
[22] for details).
Here, we will demonstrate that in the low multiples the biases caused by the residual contaminations in these maps are relatively small as expected. In Fig. 1 , we compare the power spectra from these full-sky maps with those derived from the masked Planck Commander-Ruler (a pixel-based version of parameter and template fitting) map [22] .
We find that the differences between them are indeed small, especially for the multipoles l < 10, which is consistent with the results in Ref. [11] . When l is larger, the biases become a little more obvious, especially for the multipoles l = 10 and l = 17. However, even for these two multipoles, we find the morphologies of them derived from three maps are nearly the same (see Fig. 2 ), which indicates that the residual contaminations in the maps have little effect on the morphologies of the CMB low multipoles.
To study the directional properties of the CMB field, similar to Ref. [21] , we can define the rotationally variant power spectrum D(l) as
where δ mm is the Kronecker symbol. Note that, the definition of D l in Eq. (3) is slightly different from that defined in Ref. [21] . For the random Gaussian, we find that D l = C l ;
i.e., D l is the unbiased estimator for C l , where ... Thus, we can define the power spectrum D l in any coordinate system. Imagining the Galactic coordinate system is rotated by the Euler angle (0, θ, φ), and the coefficients a lm in this new coordinate system are calculated by
whereq ≡ (θ, φ), a lm are the coefficients defined in the Galactic coordinate system, and
is the Wigner rotation matrix. If we considerq as a vector, which labels the z-axis direction in the rotated coordinate system, then (θ, φ) is the polar coordinate of this direction in the Galactic system. So the general power spectrum D l (q) is defined as
Now, we can define the parity statistic. As shown in Refs. [5, 7] , for investigation of the parity asymmetry we can consider the statistic (see Table I )
where Γ . This statistic is associated with the degree of the parity asymmetry, where a value of g 1 < 1 indicates the odd-parity preference, and
indicates the even-parity preference. For any given l, the sky map of g 1 (l,q) can be constructed by considering all the directionsq. In practice, we pixelize the full sky in the HEALPix format with the resolution parameter N side = 64, and set the directionsq to be those of the pixels.
For the temperature fluctuations of CMB map ∆T (θ, φ), the two-point correlation function C(Θ) is naturally defined as
where P l (cos Θ) are the Legendre polynomials. Note that, in this definition the contributions of m = 0 components have been excluded. For the largest angular distance Θ = π, the correlation function is
So the natural way to estimate the relative contribution of even and odd multipoles to the correlation function is to define the statistic [21] (see Table I ),
which follows that C(Θ = π) ∝ (g 2 (l,q) − 1). g 2 > 1 corresponds to the positive correlation of the opposite directions, and g 2 < 1 indicates the anticorrelation of them. Note that the statistic g 2 is different from g 1 , due to the different factors before D l in their definitions.
Therefore, the relative weights of low multipoles are much higher in g 2 than those in g 1 .
For further investigation, in this paper we also consider the third statistic to quantify the parity asymmetry, which was first introduced in Ref. [11] (see Table I ),
where the maximum, l, is any odd multipole l ≥ 3 and the summation is over all odd multipoles up to l. This statistic is the measure of the mean deviation of the ratio of power in an even multipole to its succeeding odd-multipole form one.
In previous works [5, 7, 8, 11] , by using the power spectrum C l , the authors found that CMB parity asymmetry is quite significant at the low multipoles, and this tendency extends to the multipole range l < 22. Since the definition of the estimator D l is similar to that Number of statistic Definition
of C l , one expects the parity asymmetry of the statistics g 1 , g 2 , g 3 to also extend to this multipole range. We apply these three statistics for all the odd multipoles 3 ≤ l ≤ 21 to the released Planck SMICA, NILC and SEVEM data. The results for SMICA data are presented in Fig. 3 . For all the odd maximum multipoles l and directionsq, we have g i < 1
for i = 1, 2, 3. These are also correct for Planck NILC and SEVEM data. So consistent with previous works [5, 7, 8, 11, 21] , we find that the real CMB data have the odd-parity preference, which is independent of the choice of the parity statistics.
To cross-check the results, we consider another rotationally variant estimator, proposed in Refs. [5, 21, 23, 24] ,D
As well discussed, this statistic has also selected the z-axis direction as the preferred direction. However, we should mention that this estimator,D l , is definitely different from D l defined in Eq. (3). First, for each multipole l, the components a lm with m = 0 have the exact same weights in the definition of D l , which shows that this statistic only favors the component m = 0. But from Eq. (11), we know thatD l favors the high ms and so it works well in searches for planarity (i.e., m = ±l) [23, 24] . Secondly, comparing the different multipoles, we find that due to the factor m 2 in the definition, the value ofD l increases dramatically with the increasing of the multipole number l, which is also different from that of D l .
Because of the rotational variance of this quantity, we can define the general power spectrum asD
where a lm (q) is defined in Eq. (4). Thus, the other three directional statistics can be defined as follows (see also Table I) :
As we have emphasized, the estimatorD l is quite different from D l due to the factor m 2 in the definition. In the statistics g 4 , g 5 , or g 6 , the contributions of the higher multipoles, l ∼ l max , become completely dominant. For this reason, we only apply these statistics to the multipole range in which the CMB parity asymmetry is most obvious. Although, in Refs.
[5, 21], the authors found the CMB parity asymmetry can extend to multipole ranges up to l ∼ 22, the main contribution comes from the lowest multipoles, i.e., l < 10, which can be clearly seen in the following facts. From Fig. 1 , we find that the regular oscillation of the power spectra (i.e., the values of even multipoles are significantly smaller, while those of odd multipoles are significantly larger, which is the performance of the CMB parity asymmetry)
is obvious only in the multipole range l < 10. Consistently, from Fig. 1 in Refs. [21] , we also find that the CMB parity asymmetry becomes negligible if the low multipoles l < 10 are excluded. So, the same as in Ref. [21] , in this paper we only consider the parity statistics g 4 , g 5 , and g 6 for the multipoles l < 10.
We apply these three statistics to the Planck SMICA, NILC, and SEVEM data and find similar results. In Fig.4 , we present the results of SMICA data, which show that g i (l,q) < 1 (i = 4, 5, 6) are held for any directionq. So we conclude that the odd-parity preference exists even if the estimatorD l is considered.
III. CORRELATION WITH THE PREFERRED AXES OF OTHER CMB OBSER-VATIONS
Now, let us investigate how the parity statistics depend on the directionq. From Fig.3 , we find that all the statistics g i (l,q) of i = 1, 2, 3 have a quite similar morphology for l > 3, although the weights of the multipoles in their definitions are different. The similar results have also been found for the statistics g i (l,q) of i = 4, 5, 6 in Fig.4 . In particular, from these two figures, we find that the panels of l > 3 have the similar preferred directionsq, where the corresponding parity statistic is minimized. These have also been clearly shown in Tables II and III . Meanwhile, the same results are also confirmed in NILC and SEVEM maps [39] .
In Fig.5 , we compare the preferred directionsq of parity asymmetry with the CMB kinematic dipole and find they are very close to each other. Especially, all these directions are close to the ecliptic plane. To quantify it, we define the quantity α, which is the angle betweenq and the CMB kinematic dipole direction at (θ = 42
. We list the values of | cos α| in Tables II-V and find that all of them are very close to 1. Note that, throughout this paper we do not differentiate the directionq and the opposite one −q.
In both WMAP and Planck data, the alignment between the orientation of the CMB quadrupole and octopole has been reported. In the Planck SMICA data, the preferred direction of the quadrupole is at (θ = 13.4
• , φ = 238. However, when combined with the axes directions of other cosmological observations, such as the anisotropy of cosmic acceleration, the bulk velocity flow axis, and the quasar optical polarization alignment axis, the statistical evidence of the relative coincidence could increase dramatically (see, for instance, Ref. [26] ).
In this paper, we shall investigate whether or not the alignment of quadrupole and octopole connects with the parity asymmetry. Following Ref. [26] , it is straightforward to evaluate the mean value of the inner product between all the pairs of unit vectors corresponding to the following four directions: the preferred directions of quadrupole, octopole, parity asymmetry and the direction of the CMB kinematic dipole. So, we define the quantity,
where N is the number of the directions, which will be investigated. First, we shall study the case in the absence of the parity asymmetry. The alignment between these three axes was also reported in WMAP data [18] . In this case, we have N = 3 and | cos θ ij | = 0.9242 for the real data. To evaluate the significance of the alignment, we pixelize the two-dimensional sphere in the HEALPix format with the resolution parameter N side = 256, which corresponds to the total pixel number N pix = 12 × N 2 side . Then, we randomly generate 10 5 realizations. For each realization, the three directions are randomly and independently picked on the sky using a uniform distribution between 0 and N pix −1, and the corresponding value | cos θ ij | is calculated directly. Considering all the random samples, we obtain that | cos θ ij | = 0.500±0.167. To quantify the significant level of the deviation from the random distribution, we define the ∆ c /σ c , where ∆ c is the difference between the observed value of | cos θ ij | and the mean value of the simulations, and σ c is the corresponding standard deviation of the simulations. Considering the observed result | cos θ ij | = 0.9242, and the simulated value σ c = 0.167, we obtain that ∆ c /σ c = 2.54, which indicates that the alignment of these three directions is around 2.5σ confidence level. Now, let us take into account the preferred direction of the CMB parity asymmetry. For the 10 5 random realizations of four random points on the sphere, by a similar analysis, we get | cos θ ij | = 0.500 ± 0.118.
As anticipated, compared with the case of N = 3, the mean value stays the same, while the standard deviation σ c significantly decreases. Now, we calculate the real value of the quantity | cos θ ij | . For the preferred direction of parity asymmetry, we consider the results of all the six statistics g i (l,q) defined in this paper, and list the corresponding values in Tables II-V . For every case with l > 3, we find that | cos θ ij | is close to 0.9, and the corresponding significance of the alignment between these directions increases to ∆ c /σ c 3.
We therefore conclude that the preferred direction of the CMB parity asymmetry is not only very close to the CMB kinematic dipole, but also close to the preferred axes of the CMB quadrupole and octopole, which is nearly independent of the choice of the parity statistic.
Their coexistence in a relatively small angular region is a very unlikely event, which implies that these anomalies have a common origin: an undiscovered physical effect or a common basic systematic error that has so far escaped attention.
IV. CONCLUSIONS
Parity violation is one of the anomalies of the CMB temperature anisotropy map in the large scales, which may indicate the nontrivial topology of the Universe, the physics of the SMICA data is minimized, is compared with the other CMB preferred axes. In each box, the upper one is the result for the statistic with i = 1, the middle one is that for i = 2, and the lower one is that for i = 3. In this table, α is the angle betweenq and the CMB kinematic dipole, | cos θ ij | is the quantity defined in Eq. (16), and the ∆ c /σ c value denotes the number of σ c the observed | cos θ ij | deviate from the simulations. early inflation, the foreground residuals, or some unsolved systematic errors. In this paper,
we have extended our previous work on the directional properties of the CMB parity violation and applied to the newly released Planck data. We have defined two kinds of rotationally variant power spectra D l (q) andD l (q), where the special direction had been selected in the definitions. Based on these estimators, we considered six different parity statistics, and demonstrated the direction preferences of the CMB parity asymmetry in the low multipoles. The preferred directionq = (θ, φ), where the parity parameter g i (l,q) based on Planck SMICA data is minimized, is compared with the other CMB preferred axes. In each box, the upper one is the result for the statistic with i = 4, the middle one is that for i = 5, and the lower one is that for i = 6. In this table, α is the angle betweenq and the CMB kinematic dipole, | cos θ ij | is the quantity defined in Eq. (16) , and the ∆ c /σ c value denotes the number of σ c the observed | cos θ ij | deviate from the simulations. Similar to the statistics based on the rotationally invariant estimator C l , we found all these statistics show the odd-parity preference of the CMB data. At the same time, we found that the preferred directionsq of all the statistics, where the statistics are minimized, are very close to each other as long as l > 3. In particular, these preferred directions are close to both the direction of the CMB kinematic dipole and the preferred directions of the CMB quadrupole and octopole. The confident level of the deviation from the random distribution between them is ∆ c /σ c 3, which implies that the parity violation and the anomalies of the CMB quadrupole and octopole might have the common dipole-related origin. This origin might be in physics, in contamination or in systematics. In any case, the future polarization data, T E, EE, and BB would be helpful to resolve the puzzles and the coincidence between them.
In the end, it is interesting to mention that several preferred axes have also been reported in other cosmological observations: velocity flows [27] , quasar alignment [28] , anisotropies of the cosmic acceleration [29, 30] , the dipole in the handedness of spiral galaxies [31] , and the dipole effect of the fine structure constant [32] (see Ref.
[33] as a review). Although there is still some debate [34] [35] [36] , it has been claimed that these preferred directions are also aligned with the CMB kinematic dipole and the preferred direction of CMB quadrupole and octopole [33] . If all the directional preferences would be confirmed in the future, it would imply that the underlying physical or systematic reasons of all the cosmological anomalies should be connected.
